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It is obtained the general expression of the eigenvalues of
4 × 4 Hermitian and trace-one matrix such as an arbitrary
state of two qubits and then it is given out the obvious expres-
sion of Peres' separable condition. Furthermore, we discuss
some applications to the calculation of the entanglement, the
upper bound of the entanglement and the propagation of the
entanglement.
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The quantum information and quantum computing
have attracted many physicists and achieved some amaz-
ing results [1]. The elementary unit of quantum infor-
mation is the qubit [2]. A single qubit can be envisaged
as a two-state quantum system such as a spin-half or
a tow-level atom. While quantum register consists of
some qubits. The simplest quantum register is a pair of
qubits and it plays an essential role in study of entangle-
ment, purication and code [3{6] as well as the quantum
networks [7,8]. Thus, it is interesting to know what is
eigenvalues of an arbitrary state of two qubits. For ex-
ample, Wootters gave a measure of the entanglement in
terms of the eigenvalues [6]. This letter is just devoted
to this problem. It is obtained the general expression
of the eigenvalues of 4  4 Hermitian and trace-one ma-
trix such as an arbitrary state of two qubits. Moreover,
the Peres’ separable condition is expressed obviously in
terms of them. This provides a useful tool to study the
entanglement and the related problems.
An arbitrary state of two qubits can be expressed by
Hermitian, positive denite and trace-one density matrix







a ⊗  ; (1)
where 0 is two dimensional identity matrix and i is
the usual Pauli matrix. Hermitian property leads to a
be the real numbers. Trace-one requires a00 = 1 and
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from the eigenvalue of Pauli matrix are 1, it follows that
−1  a  1. Moreover, it is easy to get
a = Tr( ⊗ ): (2)
Note that Eq.(1) does not involve with the positive de-
nite condition.
Lemma One The characterized polynomial of the 4  4
Hermitian and trace-one matrix Ω is
b0 + b1 + b22 − 3 + 4; (3)




[1− 2A2B − (AA)2 − (AB)2
+2TAAB + ((TrA)
2 − TrA2)A  B
+2TBA
2A − 2TrA TBAA − (a1  a2)2
−(a2  a3)2 − (a3  a1)2 − 2(a1  a2)  a3]
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here we have introduce the polarized vectors of the re-
duced density matrices fA;Bg, the space Bloch’s vector
ai and the polarized rotation matrix A dened as
A = (a10; a20; a30); (7)
B = (a01; a02; a03); (8)
a1 = (a11; a12; a13); (9)
a2 = (a21; a22; a23); (10)
a3 = (a31; a32; a33); (11)
A = faijg (i; j = 1; 2; 3): (12)
The physical meaning of A can be seen in my paper [9].
Again the positive denite condition has not been used
here and a is dened just as Eq.(2).
Lemma Two If 4  4 Hermitian and trace-one matrix Ω




If Ω is positive denite, then
1
TrΩ2  1: (14)
Lemma one is easy to prove by calculation, but we need
to use the physical ideas to arrange those coecents into
a compact form. Lemma two can be obtained by the
standard method to nd the extremum. Based on the
theory of the quartic equation, we have
Theorem One The eigenvalues of the 44 Hermitian and

















3(1 + 8b1 − 2TrΩ2)p

















4TrΩ2 − 1− 4c1 cos
− 3
p
3(1 + 8b1 − 2TrΩ2)p







= 4 cos3 − 3 cos; (17)
c1 =
q
12b0 + 3b1 + b22; (18)
c2 = 27b21 + b0(27− 72b2) + 9b1b2 + 2b32: (19)
In the above equantions, we have assumed c1 6= 0; c2 6=
0. Note that c22 − 4c61 = −27(1 − 2)2(1 − 3)2(1 −
4)2(2 − 3)2(2 − 4)2(3 − 4)2 is non-positive, and













Thus, if c2  0, =6    =3 and if c2  0, 0   
=6.
Now consider the case that c1 or/and c2 are equal to
zero. When b2 = 3=8 or TrΩ2 = 1=4, if c1 or c2 only
one is zero, then the eigenvalues will appear the value
of complex numbers. This is contradict with Hermitian
property and so means that c1 and c2 have to be zero
together. Thus, we obtain that all the eigenvalues are
1=4. In the following, we only need to consider the case
to suppose b2 6= 3=8 or TrΩ2 6= 1=4.
When c1 = 0 or 12b0 + 3b1 + b22 = 0, again from c
2
2 −
4c61 = −27(1− 2)2(1 − 3)2(1 − 4)2(2 − 3)2(2 −
4)2(3 − 4)2  0, we have that c2 has to be zero since
it is real. Thus, if c1 = 0 and c2 = 0, the eigenvalues of


















4TrΩ2 − 1: (22)
When c2 = 0 or 27b21 + b0(27 − 72b2) + 9b1b2 + 2b32 =











































Just is well known, Peres’ separable condition tells us,
all the eigenvalues of the partial transpose of the density
matrix ought to be non-negative [10]. Thus, taking the
minimum eigenvalue in Theorem one and setting it non-
negative, we have
Theorem Two The separable condition of an arbitrary
state of two qubits is
1  1p
3








3(1 + 8bT1 − 2Tr2)p




bT0 = b0 −
1
32




(a1  a2)  a3
= b0 − 132[
1
AB  (a2  a3) + 2AB  (a3  a1)
+3AB  (a1  a2)] +
1
16
(a1  a2)  a3; (26)
bT1 = b1 −
1
4
(a1  a2)  a3; (27)
bT2 = b2; (28)
cT1 =
q






































If cT1 = 0 and c
T
2 = 0, then it is always separable.
The pure state is the simplest case. In fact, we can
prove the following theorem
Theorem Three The eigenvalues of the partial transpose





1− 4jad− bcj2); (33)
and then the separable condition is just
ad− bc = 0: (34)
It is consistent with my paper [9].
Because Peres’ separable condition is necessary and
sucient for two qubits, the Theorem two and Theorem
three give out its obvious forms and are necessary and
sucient either.
If there is the zero eigenvalues in 4 4 Hermitian and
trace-one matrix, the case can be simplied.
Theorem Four If at least there is a zero eigenvalue in



































d = 2− 27b1 − 9b2: (39)
Here we have assumed 3TrΩ2 − 1 6= 0 and d = (31 −
1)(32 − 1)(33 − 1) 6= 0. If d  0, =6    =3 and
if d  0, 0    =6. Because that d2 − 4(1 − 3b2)3 =
−27(1−2)2(2−3)2(3−1)2, we have 4(1−3b2)3 =
d2+[−(d2−4(1−3b2)3]  0 or 1−3b2 = (3TrΩ2−1)=2 
0. When TrΩ2 = 1=3, we have that d has to be zero.
Thus, b1 = −1=27 and b2 = 1=3. This implies that all


















Theorem Five If at least there is a zero eigenvalue in
4 4 Hermitian and trace-one matrix, then the positive
denite condition for the other eigenvalues isp
6TrΩ2 − 2 cos(− =3)  1: (42)
If only d = 0, the positive denite condition becomes
2
3
 3TrΩ2 − 1: (43)
Theorem Six If at least there are two zero eigenvalues







2TrΩ2 − 1): (44)
When at least there are two zero eigenvalues in 4 
4 Hermitian and trace-one matrix, the positive denite
condition is
1  2TrΩ2 − 1: (45)
This implies
Theorem Seven If the partial transpose matrix of the den-
sity matrix of two qubits has at least two vanishing eigen-
values, it is separable. If it has only one zero eigenvalue,
its separable condition is given by Theorem Five.
The known two measures of the entanglement, the en-
tanglement of formation [11] and the relative entropy of
entanglement [12] are closely related with the eigenval-
ues. According to Wootters [6], in terms of our Theorems
about the eigenvalues, we can calculate the entanglement
of formation of an arbitrary state of two qubits. While to
calculate the relative entropy of entanglement or its im-
proving [13], we have to calculate von Neumann entropy
which is dened directly by the eigenvalues.
Furthermore, we can nd a relation between the upper
bound of entanglement.
Theorem Eight If all the eigenvalues of an arbitrary state
of two qubits are not zero, its possible maximum entan-
glement of formation is not larger than
1p
3








3(1 + 8bT1 − 2Tr2)p
4Tr2 − 1 + 8cT1 cosT
#1=2
: (46)
This is because the density matrix of two qubits can
be written as
3
 = minI + (1− 4min)0: (47)
Note that we can not take a number larger than min to
put in front of I, because we have to keep 0 is positive
denite.
In the end, let’s consider a simple application to the
entanglement propagation [14]. Denote the density ma-
trix for a pair of given adjacent nodes of qubit lattice in
one dimensional space as 0 originally. Since the action
by the exchange interaction, it can propagate along with
the lattice one by one and forward to the opposite direc-
tions. However, this propagating suers the aection of
noise so that the density matrix when it propagates to
the n-th pair of nodes becomes
n = (1 − )n−1 + 14I: (48)
Suppose at the beginning a pair of qubits in the adjacent
nodes is in a pure state. Ask what is n’s value when n
is separable. That is to calculate the propagating size n
of entanglement for such a noisy lattice of qubits.
According to our theorem, the partial transpose matrix




[1− ((1− )n(1 + 4jad− bcj)]: (49)
By using of Prese’s criterion for the separable state, it is
found out that
n  − log(1 + 4jad− bcj)
log(1 − ) : (50)
In particular, when 0 is a maximum entangled state, we
obtain
n  − log 3
log(1− ) : (51)
Obviously, when one hopes n = 10, then it allows the
noisy strength  is not larger than 0:104042. When the
noisy strength  is larger than 0:42265, any propagating
will lead in disentanglement. If the noisy strength  only
reaches at 0:01 or 0:1, the propagating sizes n can be 109
or 10.
In addition, in seeking the minimum pure state decom-
position of the density matrix, our theorems also have
some applications which will be given in the other paper.
We can say, of course, the theorems proposed here are
the useful tools to study the entanglement.
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